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Abstract
All q-Painleve´ equations which are obtained from the q-analog of
the sixth Painleve´ equation are expressed in a Lax formalism. They
are characterized by the data of the associated linear q-difference equa-
tions. The degeneration pattern from the q-Painleve´ equation of type
A2 is also presented.
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1 Introduction
Discrete Painleve´ equations are studied from various points of view as inte-
grable systems ([5]). They are discrete equations which are reduced to the
Painleve´ equations in suitable limiting process, and moreover, which pass the
singularity confinement test. Passing this test can be thought of as a differ-
ence analogue of the Painleve´ property. The singularity confinement test has
been proposed by Grammaticos et al. as a criterion for the integrability of
discrete dynamical systems ([2]).
Discrete Painleve´ equations were classified on the basis of the types of
rational surfaces connected to extended affine Weyl groups ([9, 10]). There
are three types of discrete Painleve´ equations: elliptic-difference, q-difference
and difference. We especially give the list of q-Painleve´ equations in the
discrete Painleve´ equations. See Table 1. As is well-known, the sixth Painleve´
equation yields the other five Painleve´ equations by a process of coalescence.
1
Abbrev. q-P (A∗0) q-P (A1) q-P (A2) q-P (A3) q-P (A4)
Surface A
(1)∗
0 A
(1)
1 A
(1)
2 A
(1)
3 A
(1)
4
Symmetry E
(1)
8 E
(1)
7 E
(1)
6 D
(1)
5 A
(1)
4
q-P (A5) q-P (A5)
♯ q-P (A6) q-P (A6)
♯ q-P (A7) q-P (A
′
7)
A
(1)
5 A
(1)
5 A
(1)
6 A
(1)
6 A
(1)
7 A
(1)′
7
(A2 + A1)
(1) (A2 + A1)
(1) (A1 + A1)
(1) (A1 + A1)
(1) A
(1)
1 A
(1)
1
Table 1: The q-Painleve´ equations
Among the q-Painleve´ equations, the q-Painleve´ equation of type A∗0 (q-
P (A∗0)) is the most generic one because the other q-Painleve´ equations can
be obtained from this equation by limiting procedure. These equations are
organized in a degeneration pattern obtained through coalescence. See Table
2.
q-P (A∗0) → q-P (A1) → q-P (A2) → q-P (A3) →
→ q-P (A4) → q-P (A5) → q-P (A6) → q-P (A7)
ց ր ր
q-P (A5)
♯ → q-P (A6)
♯ → q-P (A′7)
Table 2: Degeneration pattern for the q-Painleve´ equations
Another important aspect of the Painleve´ equations is their connection
to the monodromy-preserving deformation of linear differential equations.
The generalized Riemann problem was already studied for linear differen-
tial, difference and q-difference equations in the Birkhoff’s paper, [1]. Jimbo
and Sakai studied the deformation of a 2 × 2 matrix system of q-difference
equations and found the q-Painleve´ equation of type A3 (q-P (A3)), which
is commonly known as q-PVI ([4]). Sakai also found a Lax form of the q-
Painleve´ equation of type A2 (q-P (A2)), a particular case of a q-Garnier
system ([7, 8]). Hay et al. found Lax forms of q-Painleve´ equations, reduc-
tions from a Lax pair for a lattice modified KdV equation ([3]). However,
Lax forms of a lot of q-Painleve´ equations have not been obtained yet.
In this paper, we present Lax pairs of all q-Painleve´ equations which are
obtained from q-P (A3). In Section 2, we illustrate the connection preserving
deformation and derive q-P (A3). We also propose Lax pairs of q-P (A4), q-
P (A5), q-P (A5)
♯, q-P (A6), q-P (A6)
♯, q-P (A7) and q-P (A
′
7) . In Section 3,
we give replacements of the parameters for the degeneration. The Lax form
of q-P (A3) can be obtained from the Lax form of q-P (A2). In Section 4, we
give the Lax form of q-P (A2) and replacements of the parameters for the
2
degeneration.
2 Lax forms of q-Painleve´ equations
2.1 Derivation of q-P (A3)
In this section, we illustrate the connection preserving deformation and derive
the q-Painleve´ equation of type A3.
Consider a 2× 2 matrix system with polynomial coefficients
Y (qx, t) = A(x, t)Y (x, t). (2.1)
The connection preserving deformation of the linear q-difference equation,
which is a discrete counterpart of monodromy preserving deformation, is
equivalent to existence of a linear deformation equation whose coefficients
are rational in x. We express the deformation equation in the form
Y (x, qt) = B(x, t)Y (x, t). (2.2)
The compatibility condition for the systems (2.1) and (2.2) reads
A(x, qt)B(x, t) = B(qx, t)A(x, t). (2.3)
q-P (A3) can be obtained from the condition (2.3).
We take A(x, t) to be of the form
A(x, t) = A0(t) + xA1(t) + x
2A2, (2.4)
A2 =
(
κ1 0
0 κ2
)
, A0(t) has eigenvalues θ1t, θ2t, (2.5)
detA(x, t) = κ1κ2(x− a1t)(x− a2t)(x− a3)(x− a4). (2.6)
Here the parameters κj , θj , aj are independent of t. We have
κ1κ2a1a2a3a4 = θ1θ2. (2.7)
Define y = y(t), zi = zi(t) (i = 1, 2) by
A12(y, t) = 0, A11(y, t) = κ1z1, A22(y, t) = κ2z2, (2.8)
so that
z1z2 = κ1κ2(y − a1t)(y − a2t)(y − a3)(y − a4). (2.9)
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The matrix A(x, t) can be parametrized as
A(x, t) =
(
κ1((x− y)(x− α) + z1) κ2w(x− y)
κ1w
−1(γx+ δ) κ2((x− y)(x− β) + z2)
)
. (2.10)
Here
α =
1
κ1 − κ2
[y−1((θ1 + θ2)t− κ1z1 − κ2z2)
− κ2((a1 + a2)t + a3 + a4 − 2y)],
(2.11)
β =
1
κ1 − κ2
[−y−1((θ1 + θ2)t− κ1z1 − κ2z2)
+ κ1((a1 + a2)t+ a3 + a4 − 2y)],
(2.12)
γ = z1 + z2 + (y + α)(y + β) + (α + β)y − a1a2t
2
− (a1 + a2)(a3 + a4)t− a3a4,
(2.13)
δ = y−1(a1a2a3a4t
2 − (αy + z1)(βy + z2)). (2.14)
The quantity w = w(t) is related to the ‘gauge’ freedom, and does not enter
the final result for the q-P (A3). The matrix B(x, t) is a rational function of
the form
B(x, t) =
x
(x− a1qt)(x− a2qt)
(xI +B0(t)). (2.15)
The compatibility (2.3) is equivalent to
A(aiqt, qt)(aiqtI +B0(t)) = 0 (i = 1, 2), (2.16)
(aiqtI +B0(t))A(ait, t) = 0 (i = 1, 2), (2.17)
A0(qt)B0(t) = qB0(t)A0(t). (2.18)
Substituting the parametrization above, one obtains a set of q-difference
equations. Let us use the notations y¯ = y(qt) and so forth. Introduce z by
z1 =
(y − a1t)(y − a2t)
κ1qz
, z2 = κ1qz(y − a3)(y − a4). (2.19)
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Then the matrix B0(t) = (Bij) is parametrized as follows:
B11 =
−κ2qz¯
1− κ2z¯
(
−β +
t(a1 + a2)− y
κ2z¯
)
,
B12 =
κ2qwz¯
1− κ2z¯
,
B21 =
κ1qz¯
w(1− κ1qz¯)
(
a1qt− α¯ +
a2qt− y¯
κ1qz¯
)(
a1t− β +
a2t− y
κ2z¯
)
=
κ1qz¯
w(1− κ1qz¯)
(
a2qt− α¯ +
a1qt− y¯
κ1qz¯
)(
a2t− β +
a1t− y
κ2z¯
)
,
B22 =
−κ1qz¯
1− κ1qz¯
(
−α¯ +
qt(a1 + a2)− y¯
κ1qz¯
)
.
Set further
b1 =
a1a2
θ1
, b2 =
a1a2
θ2
, b3 =
1
κ1q
, b4 =
1
κ2
. (2.20)
Equations (2.16)–(2.18) are equivalent to
yy¯
a3a4
=
(z¯ − b1t)(z¯ − b2t)
(z¯ − b3)(z¯ − b4)
, (2.21)
zz¯
b3b4
=
(y − a1t)(y − a2t)
(y − a3)(y − a4)
, (2.22)
w¯
w
=
b4
b3
z¯ − b3
z¯ − b4
. (2.23)
We have a single constraint
b1b2
b3b4
= q
a1a2
a3a4
. (2.24)
q-P (A3) is (2.21) and (2.22).
2.2 Lax form of q-P (A4)
Consider a 2× 2 matrix system with polynomial coefficients
Y (qx, t) = A(x, t)Y (x, t). (2.25)
We express the deformation equation in the form
Y (x, qt) = B(x, t)Y (x, t) (2.26)
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and can express the q-Painleve´ equation of type A4 in the form
A(x, qt)B(x, t) = B(qx, t)A(x, t) (2.27)
by the compatibility of the deformation equation and the original linear q-
difference equation.
We take A(x, t) to be of the form
A(x, t) = A0(t) + xA1(t) + x
2A2, (2.28)
A2 =
(
κ1 0
0 0
)
, A0(t) has eigenvalues θ1t, θ2t, (2.29)
detA(x, t) = κ1κ2(x− a1t)(x− a2t)(x− a3). (2.30)
We have
− κ1κ2a1a2a3 = θ1θ2. (2.31)
The matrix B(x, t) is a rational function of the form
B(x, t) =
x
(x− a1qt)(x− a2qt)
(xI +B0(t)). (2.32)
Define y = y(t), zi = zi(t) (i = 1, 2) by
A12(y, t) = 0, A11(y, t) = κ1z1, A22(y, t) = z2, (2.33)
so that
z1z2 = κ2(y − a1t)(y − a2t)(y − a3). (2.34)
The matrix A(x, t) can be parametrized as
A(x, t) =
(
κ1((x− y)(x− α) + z1) w(x− y)
κ1w
−1(γx+ δ) κ2(x− y) + z2
)
. (2.35)
Here
α =
1
κ1
[y−1((θ1 + θ2)t− κ1z1 − z2) + κ2], (2.36)
γ = z2 − κ2((2y + α)− (a1 + a2)t− a3), (2.37)
δ = y−1(−κ2a1a2a3t
2 − (αy + z1)(−κ2y + z2)). (2.38)
Introduce z by
z1 =
(y − a1t)(y − a2t)
κ1qz
, z2 = κ1κ2qz(y − a3). (2.39)
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Then the matrix B0(t) = (Bij) is parametrized as follows:
B11 = −qz¯
(
κ2 +
t(a1 + a2)− y
z¯
)
, (2.40)
B12 = qwz¯, (2.41)
B21 =
κ1qz¯
w(1− κ1qz¯)
(
a1qt− α¯ +
a2qt− y¯
κ1qz¯
)(
κ2 +
a2t− y
z¯
)
=
κ1qz¯
w(1− κ1qz¯)
(
a2qt− α¯ +
a1qt− y¯
κ1qz¯
)(
κ2 +
a1t− y
z¯
)
,
(2.42)
B22 =
−κ1qz¯
1− κ1qz¯
(
−α¯ +
qt(a1 + a2)− y¯
κ1qz¯
)
. (2.43)
Set further
b1 =
a1a2
θ1
, b2 =
a1a2
θ2
, b3 =
1
κ1q
, a4 = −κ2. (2.44)
Equation (2.27) are equivalent to
yy¯
a3a4
= −
(z¯ − b1t)(z¯ − b2t)
z¯ − b3
, (2.45)
zz¯
b3
= −
(y − a1t)(y − a2t)
a4(y − a3)
, (2.46)
w¯
w
= −
z¯
b3
+ 1. (2.47)
We have a constraint
b1b2
b3
= q
a1a2
a3a4
. (2.48)
q-P (A4) is (2.45) and (2.46).
2.3 Lax form of q-P (A5)
Consider a 2× 2 matrix system with polynomial coefficients
Y (qx, t) = A(x, t)Y (x, t). (2.49)
We express the deformation equation
Y (x, qt) = B(x, t)Y (x, t) (2.50)
and can express the q-Painleve´ equation of type A5 in the form
A(x, qt)B(x, t) = B(qx, t)A(x, t) (2.51)
7
by the compatibility of the deformation equation and the original linear q-
difference equation.
We take A(x, t) to be of the form
A(x, t) = A0(t) + xA1(t) + x
2A2, (2.52)
A2 =
(
κ1 0
0 0
)
, A0(t) has eigenvalues θ1t, 0, (2.53)
detA(x, t) = κ1κ2x(x− a1t)(x− a2t). (2.54)
The matrix B(x, t) is a rational function of the form
B(x, t) =
x
(x− a1qt)(x− a2qt)
(xI +B0(t)). (2.55)
Define y = y(t), zi = zi(t) (i = 1, 2) by
A12(y, t) = 0, A11(y, t) = κ1z1, A22(y, t) = z2, (2.56)
so that
z1z2 = κ2y(y − a1t)(y − a2t). (2.57)
The matrix A(x, t) can be parametrized as
A(x, t) =
(
κ1((x− y)(x− α) + z1) w(x− y)
κ1w
−1(γx+ δ) κ2(x− y) + z2
)
. (2.58)
Here
α =
1
κ1
[y−1(θ1t− κ1z1 − z2) + κ2], (2.59)
γ = z2 − κ2(2y + α− t(a1 + a2)), (2.60)
δ = −y−1(αy + z1)(−κ2y + z2). (2.61)
Introduce z by
z1 =
(y − a1t)(y − a2t)
κ1qz
, z2 = κ1κ2qzy. (2.62)
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Then the matrix B0(t) = (Bij) is parametrized as follows:
B11 = −qz¯
(
κ2 +
t(a1 + a2)− y
z¯
)
, (2.63)
B12 = qwz¯, (2.64)
B21 =
κ1qz¯
w(1− κ1qz¯)
(
a1qt− α¯ +
a2qt− y¯
κ1qz¯
)(
κ2 +
a2t− y
z¯
)
=
κ1qz¯
w(1− κ1qz¯)
(
a2qt− α¯ +
a1qt− y¯
κ1qz¯
)(
κ2 +
a1t− y
z¯
)
,
(2.65)
B22 =
−κ1qz¯
1− κ1qz¯
(
−α¯ +
qt(a1 + a2)− y¯
κ1qz¯
)
. (2.66)
Set further
b1 =
a1a2
θ1
, b2 = −
θ1
κ1κ2
, b3 =
1
κ1q
, a4 = −κ2. (2.67)
Equation (2.51) are equivalent to
yy¯
a3a4
=
b2t(z¯ − b1t)
z¯ − b3
, (2.68)
zz¯
b3
= −
(y − a1t)(y − a2t)
a4y
, (2.69)
w¯
w
= −
z¯
b3
+ 1. (2.70)
We have a constraint
b1b2
b3
= q
a1a2
a4
. (2.71)
q-P (A5) is (2.68) and (2.69).
2.4 Lax form of q-P (A5)
♯
Consider a 2× 2 matrix system with polynomial coefficients
Y (qx, t) = A(x, t)Y (x, t). (2.72)
We express the deformation equation
Y (x, qt) = B(x, t)Y (x, t) (2.73)
and can express the q-Painleve´ equation of type A5
♯ in the form
A(x, qt)B(x, t) = B(qx, t)A(x, t) (2.74)
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by the compatibility of the deformation equation and the original linear q-
difference equation.
We take A(x, t) to be of the form
A(x, t) = A0(t) + xA1(t) + x
2A2, (2.75)
A2 =
(
κ1 0
0 0
)
, A0(t) has eigenvalues θ1t, 0, (2.76)
detA(x, t) = κ1κ2x(x− a1t)(x− a3). (2.77)
The matrix B(x, t) is a rational function of the form
B(x, t) =
1
x− a1qt
(xI +B0(t)). (2.78)
Define y = y(t), zi = zi(t) (i = 1, 2) by
A12(y, t) = 0, A11(y, t) = κ1z1, A22(y, t) = z2, (2.79)
so that
z1z2 = κ2y(y − a1t)(y − a3). (2.80)
The matrix A(x, t) can be parametrized as
A(x, t) =
(
κ1((x− y)(x− α) + z1) w(x− y)
κ1w
−1(γx+ δ) κ2(x− y) + z2
)
. (2.81)
Here
α =
1
κ1
[y−1(θ1t− κ1z1 − z2) + κ2], (2.82)
γ = z2 − κ2(2y + α− a1t− a3), (2.83)
δ = −y−1(αy + z1)(−κ2y + z2). (2.84)
Introduce z by
z1 =
y(y − a1t)
κ1qz
, z2 = κ1κ2qz(y − a3). (2.85)
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Then the matrix B0(t) = (Bij) is parametrized as follows:
B11 = −qz¯
(
κ2 +
a1t− y
z¯
)
, (2.86)
B12 = qwz¯, (2.87)
B21 =
κ1qz¯
w(1− κ1qz¯)
(
a1qt− α¯−
y¯
κ1qz¯
)(
κ2 −
y
z¯
)
=
κ1qz¯
w(1− κ1qz¯)
(
−α¯ +
a1qt− y¯
κ1qz¯
)(
κ2 +
a1t− y
z¯
)
,
(2.88)
B22 =
−κ1qz¯
1− κ1qz¯
(
−α¯ +
a1qt− y¯
κ1qz¯
)
. (2.89)
Set further
b1 =
a1
θ1
, b2 = −
θ1
κ1κ2a3
, b3 =
1
κ1q
, a4 = −κ2. (2.90)
Equation (2.74) are equivalent to
yy¯
a3a4
= −
z¯(z¯ − b2t)
z¯ − b3
, (2.91)
zz¯
b3
= −
y(y − a1t)
a4(y − a3)
, (2.92)
w¯
w
= −
z¯
b3
+ 1. (2.93)
We have a constraint
b1b2
b3
= q
a1
a3a4
. (2.94)
q-P (A5)
♯ is (2.91) and (2.92).
2.5 Lax form of q-P (A6)
Consider a 2× 2 matrix system with polynomial coefficients
Y (qx, t) = A(x, t)Y (x, t). (2.95)
We express the deformation equation
Y (x, qt) = B(x, t)Y (x, t) (2.96)
and can express the q-Painleve´ equation type A6 in the form
A(x, qt)B(x, t) = B(qx, t)A(x, t) (2.97)
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by the compatibility of the deformation equation and the original linear q-
difference equation.
We take A(x, t) to be of the form
A(x, t) = A0(t) + xA1(t) + x
2A2, (2.98)
A2 =
(
κ1 0
0 0
)
, A0(t) has eigenvalues θ1t, 0, (2.99)
detA(x, t) = κ1κ2x
2(x− a1t). (2.100)
The matrix B(x, t) is a rational function of the form
B(x, t) =
1
x− a1qt
(xI +B0(t)). (2.101)
Define y = y(t), zi = zi(t) (i = 1, 2) by
A12(y, t) = 0, A11(y, t) = κ1z1, A22(y, t) = z2, (2.102)
so that
z1z2 = κ2y
2(y − a1t). (2.103)
The matrix A(x, t) can be parametrized as
A(x, t) =
(
κ1((x− y)(x− α) + z1) w(x− y)
κ1w
−1(γx+ δ) κ2(x− y) + z2
)
. (2.104)
Here
α =
1
κ1
[y−1(θ1t− κ1z1 − z2) + κ2], (2.105)
γ = z2 − κ2(2y + α− a1t), (2.106)
δ = −y−1(αy + z1)(−κ2y + z2). (2.107)
Introduce z by
z1 =
y(y − a1t)
κ1qz
, z2 = κ1κ2qzy. (2.108)
Then the matrix B0(t) = (Bij) is parametrized as follows:
B11 = −qz¯
(
κ2 +
a1t− y
z¯
)
, (2.109)
B12 = qwz¯, (2.110)
B21 =
κ1qz¯
w(1− κ1qz¯)
(
a1qt− α¯−
y¯
κ1qz¯
)(
κ2 −
y
z¯
)
=
κ1qz¯
w(1− κ1qz¯)
(
−α¯ +
a1qt− y¯
κ1qz¯
)(
κ2 +
a1t− y
z¯
)
.
(2.111)
B22 =
−κ1qz¯
1− κ1qz¯
(
−α¯ +
a1qt− y¯
κ1qz¯
)
. (2.112)
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Set further
b1 =
a1
θ1
, b2 = −
θ1
κ1κ2
, b3 =
1
κ1q
, b4 = −κ2. (2.113)
Equation (2.97) are equivalent to
yy¯
a4
=
b2tz¯
z¯ − b3
, (2.114)
zz¯
b3
= −
y(y − a1t)
a4y
, (2.115)
w¯
w
= −
z¯
b3
+ 1. (2.116)
We have a constraint
b1b2
b3
= q
a1
a4
. (2.117)
q-P (A6) is (2.114) and (2.115).
2.6 Lax form of q-P (A6)
♯
Consider a 2× 2 matrix system with polynomial coefficients
Y (qx, t) = A(x, t)Y (x, t). (2.118)
We express the deformation equation
Y (x, qt) = B(x, t)Y (x, t) (2.119)
and can express the q-Painleve´ equation of type A6
♯ in the form
A(x, qt)B(x, t) = B(qx, t)A(x, t) (2.120)
by the compatibility of the deformation equation and the original linear q-
difference equation.
We take A(x, t) to be of the form
A(x, t) = A0(t) + xA1(t) + x
2A2, (2.121)
A2 =
(
κ1 0
0 0
)
, A0(t) has eigenvalues θ1t, 0, (2.122)
detA(x, t) = κ1κ2x
2(x− a3), (2.123)
The matrix B(x, t) is a rational function of the form
B(x, t) =
1
x
(xI +B0(t)). (2.124)
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Define y = y(t), zi = zi(t) (i = 1, 2) by
A12(y, t) = 0, A11(y, t) = κ1z1, A22(y, t) = z2, (2.125)
so that
z1z2 = κ2y
2(y − a3). (2.126)
The matrix A(x, t) can be parametrized as
A(x, t) =
(
κ1((x− y)(x− α) + z1) w(x− y)
κ1w
−1(γx+ δ) κ2(x− y) + z2
)
. (2.127)
Here
α =
1
κ1
[y−1(θ1t− κ1z1 − z2) + κ2], (2.128)
γ = z2 − κ2(2y + α− a3), (2.129)
δ = −y−1(αy + z1)(−κ2y + z2). (2.130)
Introduce z by
z1 =
y2
κ1qz
, z2 = κ1κ2qz(y − a3). (2.131)
Then the matrix B0(t) = (Bij) is parametrized as follows:
B11 = −qz¯
(
κ2 −
y
κ2z¯
)
, (2.132)
B12 = qwz¯, (2.133)
B21 =
κ1q
w(1− κ1qz¯)
(
−α¯ −
y¯
κ1qz¯
)(
κ2 −
y
z¯
)
, (2.134)
B22 =
−κ1qz¯
1− κ1qz¯
(
−α¯−
y¯
κ1qz¯
)
. (2.135)
Set further
b1 =
1
θ1
, b2 = −
θ1
κ1κ2a3
, b3 =
1
κ1q
, a4 = −κ2. (2.136)
Equation (2.120) are equivalent to
yy¯
a3a4
= −
z¯(z¯ − b2t)
z¯ − b3
, (2.137)
zz¯
b3
= −
y2
a4(y − a3)
, (2.138)
w¯
w
= −
z¯
b3
+ 1. (2.139)
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We have a constraint
b1b2
b3
= q
1
a3a4
. (2.140)
q-P (A6)
♯ is (2.137) and (2.138).
2.7 Lax form of q-P (A7)
Consider a 2× 2 matrix system with polynomial coefficients
Y (qx, t) = A(x, t)Y (x, t). (2.141)
We express the deformation equation
Y (x, qt) = B(x, t)Y (x, t) (2.142)
and can express the q-Painleve´ equation of type A7 in the form
A(x, qt)B(x, t) = B(qx, t)A(x, t) (2.143)
by the compatibility of the deformation equation and the original linear q-
difference equation.
We take A(x, t) to be of the form
A(x, t) = A0(t) + xA1(t) + x
2A2, (2.144)
A2 =
(
κ1 0
0 0
)
, A0(t) has eigenvalues θ1t, 0, (2.145)
detA(x, t) = κ1κ2x
3. (2.146)
The matrix B(x, t) is a rational function of the form
B(x, t) =
1
x
(xI +B0(t)). (2.147)
Define y = y(t), zi = zi(t) (i = 1, 2) by
A12(y, t) = 0, A11(y, t) = κ1z1, A22(y, t) = z2, (2.148)
so that
z1z2 = κ2y
3. (2.149)
The matrix A(x, t) can be parametrized as
A(x, t) =
(
κ1((x− y)(x− α) + z1) w(x− y)
κ1w
−1(γx+ δ) κ2(x− y) + z2
)
. (2.150)
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Here
α =
1
κ1
[y−1(θ1t− κ1z1 − z2) + κ2], (2.151)
γ = z2 − κ2(2y + α), (2.152)
δ = −y−1(αy + z1)(βy + z2). (2.153)
Introduce z by
z1 =
y2
κ1qz
, z2 = κ1κ2qyz. (2.154)
Then the matrix B0(t) = (Bij) is parametrized as follows:
B11 = −qz¯
(
κ2 −
y
z¯
)
, (2.155)
B12 = qwz¯, (2.156)
B21 =
κ1qz¯
w(1− κ1qz¯)
(
−α¯ −
y¯
κ1qz¯
)(
κ2 −
y
z¯
)
, (2.157)
B22 =
−κ1qz¯
1− κ1qz¯
(
−α¯−
y¯
κ1qz¯
)
. (2.158)
Set further
b1 =
1
θ1
, b2 = −
θ1
κ1κ2
, b3 =
1
κ1q
, a4 = −κ2. (2.159)
Equation (2.143) are equivalent to
yy¯
a4
=
b2tz¯
z¯ − b3
, (2.160)
zz¯
b3
= −
y
a4
, (2.161)
w¯
w
= −
z¯
b3
+ 1. (2.162)
We have a constraint
b1b2
b3
= q
1
a4
. (2.163)
q-P (A7) is (2.160) and (2.161).
2.8 Lax form of q-P (A′7)
Consider a 2× 2 matrix system with polynomial coefficients
Y (qx, t) = A(x, t)Y (x, t). (2.164)
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We express the deformation equation
Y (x, qt) = B(x, t)Y (x, t) (2.165)
and can express the q-Painleve´ equation of type A′7 in the form
A(x, qt)B(x, t) = B(qx, t)A(x, t) (2.166)
by the compatibility of the deformation equation and the original linear q-
difference equation.
We take A(x, t) to be of the form
A(x, t) = A0(t) + xA1(t) + x
2A2, (2.167)
A2 =
(
κ1 0
0 0
)
, A0(t) has eigenvalues θ1t, 0, (2.168)
detA(x, t) = κ1κ2x
2. (2.169)
The matrix B(x, t) is a rational function of the form
B(x, t) =
1
x
(xI +B0(t)). (2.170)
Define y = y(t), zi = zi(t) (i = 1, 2) by
A12(y, t) = 0, A11(y, t) = κ1z1, A22(y, t) = z2, (2.171)
so that
z1z2 = κ2y
2. (2.172)
The matrix A(x, t) can be parametrized as
A(x, t) =
(
κ1((x− y)(x− α) + z1) w(x− y)
κ1w
−1(γx+ δ) z2
)
. (2.173)
Here
α =
1
κ1
y−1(θ1t− κ1z1 − z2), (2.174)
γ = z2 + κ2, (2.175)
δ = −y−1z2(αy + z1). (2.176)
Introduce z by
z1 =
y2
κ1qz
, z2 = κ1κ2qz. (2.177)
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Then the matrix B0(t) = (Bij) is parametrized as follows:
B11 = qy, (2.178)
B12 = qwz¯, (2.179)
B21 =
−κ1qy
w(1− κ1qz¯)
(
−α¯ −
y¯
κ1qz¯
)
, (2.180)
B22 =
−κ1qz¯
1− κ1qz¯
(
−α¯−
y¯
κ1qz¯
)
. (2.181)
Set further
b1 =
1
θ1
, b2 = −
θ1
κ1κ2
, b3 =
1
κ1q
, b4 = −κ2. (2.182)
Equation (2.166) are equivalent to
yy¯
a4
= −
z¯(z¯ − b2t)
z¯ − b3
, (2.183)
zz¯
b3
=
y2
a4
, (2.184)
w¯
w
= −
z¯
b3
+ 1. (2.185)
We have a constraint
b1b2
b3
= q
1
a4
. (2.186)
q-P (A′7) is (2.183) and (2.184).
3 Degenerations
Some replacements of the parameters for the degenerations of q-Painleve´
equations were given in the paper, [6], for example. In this section, we
present the replacements of the parameters of the Lax formalisms.
Replace in q-P (A3), t by εt, y by εy, z by εz, a3 by εa3, a4 by ε
−1a4 b3
by εb3 and b4 by ε
−1 and let ε tend to zero. Then we obtain q-P (A4):
yy¯
a3a4
= −
(z¯ − b1t)(z¯ − b2t)
z¯ − b3
, (3.1)
zz¯
b3
= −
(y − a1t)(y − a2t)
a4(y − a3)
. (3.2)
b1b2
b3
= q
a1a2
a3a4
(3.3)
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For the sake of simplification of notation, the replacement and the succeeding
limiting process will be written as follows:
t→ εt y → εy, z → εz,
a3 → εa3, a4 → ε
−1a4 b3 → εb3, b4 → ε
−1.
By the use of notation as above, the degeneration from the Lax form of
q-P (A3) to that of q-P (A4) is given by the following scheme:
q-P (A3) to q-P (A4):
t→ εt y → εy, z → εz,
a3 → εa3, a4 → ε
−1a4 b3 → εb3, b4 → ε
−1,
x→ εx, z1 → ε
2z1, w → ε
−1w, κ1 → ε
−1κ1, κ2 → ε,
α→ εα, β → ε−1β, δ → εδ,
Y (x, t)→ xlogq εY (x, t), A(x, t)→ εA(x, t),
A0(t)→ εA0(t), A2 → ε
−1A2, B0(t)→ εB0(t),
B11 → εB11, B12 → εB12, B21 → εB21, B22 → εB22.
q-P (A4) to q-P (A5):
a3 → ε, b2 → ε
−1b2, θ2 → ε.
q-P (A4) to q-P (A5)
♯:
t→ εt, a1 → ε
−1a1, a2 → ε, b1 → εb1, b2 → ε
−1b2,
θ1 → ε
−1θ1, θ2 → ε.
q-P (A5) to q-P (A6):
t→ εt, a1 → ε
−1a1, a2 → ε, b1 → εb1, b2 → ε
−1b2, θ1 → ε
−1θ1.
q-P (A5)
♯ to q-P (A6):
a3 → ε, b2 → ε
−1b2.
q-P (A5)
♯ to q-P (A6)
♯:
a1 → ε, b1 → εb1.
q-P (A6) to q-P (A7):
a1 → ε, b1 → εb1.
q-P (A6)
♯ to q-P (A7):
a3 → ε, b2 → ε
−1b2.
q-P (A6)
♯ to q-P (A′7):
a3 → ε
−1, a4 → εa4, κ2 → εκ2.
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4 Degeneration from q-P (A2) to q-P (A3)
The Lax form of q-P (A2) was given in the Sakai’s paper, [8]. This Lax form
yields the Lax form of q-P (A3) by a process of coalescence.
4.1 Lax form of q-P (A2)
In this subsection, we illustrate the Lax form of q-P (A2) in the paper, [8].
Consider a 2× 2 matrix system with polynomial coefficients
Y (qx, t) = A(x, t)Y (x, t). (4.1)
We express the deformation equation
Y (x, qt) = B(x, t)Y (x, t) (4.2)
and can express the q-Painleve´ equation of type A2 in the form
A(x, qt)B(x, t) = B(qx, t)A(x, t) (4.3)
by the compatibility of the deformation equation and the original linear q-
difference equation.
We take A(x, t) to be of the form
A(x, t) = A0(t) + xA1(t) + x
2A2(t) + x
3A3, (4.4)
A3 =
(
κ1 0
0 κ2
)
, A0(t) has eigenvalues θ1t, θ2t, (4.5)
detA(x, t) = κ1κ2(x− a1)(x− a2)(x− a3)(x− a4)(x− a5t)(x− a6t). (4.6)
We have
κ1κ2a1a2a3a4a5a6 = θ1θ2. (4.7)
The matrix B(x, t) is a rational function of the form
B(x, t) =
x
(x− a5qt)(x− a6qt)
(xI +B0(t)). (4.8)
Define λ = λ(t), µ = µ(t) and µ˜ = µ˜(t) by
A12(λ, t) = 0, A11(λ, t) = κ1µ˜, A22(λ, t) = κ2µ, (4.9)
so that
µµ˜ = κ1κ2(λ− a1)(λ− a2)(λ− a3)(λ− a4)(λ− a5t)(λ− a6t). (4.10)
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The matrix A(x, t) can be parametrized as
A(x, t) =
(
κ1W (x, t) κ2wL(x, t)
κ1w
−1X(x, t) κ2Z(x, t)
)
, (4.11)
Here
L(x, t) = x− λ, (4.12)
Z(x, t) = (x− λ)(x2 + (γ + λ)x+ δ) + µ, (4.13)
W (x, t) = (x− λ)(x2 + (−γ + λ− σ1)x+ δ˜) + µ˜, (4.14)
X(x, t) =
W (x)Z(x)−
∏6
i=1(x− ai)
L(x)
, (4.15)
δ =
1
κ1 − κ2
[
κ1(2λ
2 − σ1λ+ σ2 + γ(γ + σ1))−
1
λ
(κ1µ˜+ κ2µ− θ1 − θ2)
]
,
(4.16)
δ˜ =
1
κ1 − κ2
[
−κ2(2λ
2 − σ1λ+ σ2 + γ(γ + σ1)) +
1
λ
(κ1µ˜+ κ2µ− θ1 − θ2)
]
,
(4.17)
µ˜ =
1
µ
6∏
i=1
(λ− ai), σ1 =
6∑
i=1
ai, σ2 =
∑
i<j
aiaj . (4.18)
If qκ1 = κ2, then Equation (4.3) are equivalent to
(λ− ν)(λ− ν) =
(λ− a1)(λ− a2)(λ− a3)(λ− a4)
(λ− a5t)(λ− a6t)
, (4.19)
(
1−
ν
λ¯
)(
1−
ν
λ
)
=
a5a6
q
(ν − a1)(ν − a2)(ν − a3)(ν − a4)
(a5a6t + θ1/κ2)(a5a6t + θ2/κ2)
, (4.20)
a5a6tλλ¯(a1; a2 + a3 + a4 + γ¯ − ν)((a5 + a6)t + γ + ν)
+ q(a5a6tν + θ1/κ2)(a5a6tν + θ2/κ2) = 0.
(4.21)
q-P (A2) is (4.19) and (4.20).
4.2 Degeneration
In this subsection, we give replacements of the parameters for the degenera-
tion. By the use of notation in the Section 3, the degeneration from the Lax
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form of q-P (A2) to that of q-P (A3) is given by the following scheme:
λ→ εy, ν → ε−1z,
a1 → εa3, a2 → εa4, a3 → −ε
−1,
a4 → −ε
−1qκ−12 κ1, a5 → εa1, a6 → εa2,
x→ εx, µ→ εz2, µ˜→ εqκ2
−1κ1z1, κ1 → ε
−1q−1κ2, κ2 → ε
−1κ2,
γ → ε−1 + εγ1 +O(ε
2),
γ1 =
1
κ1 − κ2
[y−1((θ1 + θ2)t− κ1z1 − κ2z2)
− κ2((a1 + a2)t+ a3 + a4) + y(κ1 + κ2)].
5 Concluding remarks
By the limiting procedure, we derived Lax forms of q-Painleve´ equations
which are obtained from q-P (A3). The degeneration scheme from the Lax
forms of q-P (A2) is also given. However Lax forms of q-P (A
∗
0) and q-P (A1)
do not appear today, the full degeneration pattern cannot be presented. An
interesting future problem remains to find the relation between the Lax pairs
in the paper, [3], and our result.
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